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1. Introduction 



The present paper is devoted to the description of derivations on a certain class of 
algebras of r-measurable operators affiliated with a type I von Neumann algebra. 

It is known that all derivations on von Neumann algebras and more general Banach 
algebras of operators are inner. Such kinds of results were generalized for some classes 
of unbounded operator algebras [11] . In particular in [Ij it was proved that any deriva- 
tion on the non commutative Arens algebra L'^(M, r) associated with a von Neumann 
algebra M with a faithful normal semi-finite trace r is spatial, and if r is finite then 
any derivation on L'^(M, r) is inner. Further if we consider the algebra L(M, r) of 
all r-measurable operators affliliated with a type I von Neumann algebra M, then a 
derivation d on L(M, r) is inner if and only if it is Z-linear, where Z is the center of 
M (see [2]). Moreover there are examples of non Z-linear (and hence non spatial and 
discontinuous in the measure topology) derivations on L(M, r) (see [2], [1], [7]). 

In this paper we study derivation on a subalgebra of L{M, r), namely on 

Sq{M, r) = {x G L(M, t):\/s> 0, 3p, r(p^) < oo, G M, \\xp\\ < s}, 

which is an ideal in L{M, r). 

In the particular case where M = B{H) - the algebra of all bounded linear operators 
on a Hilbert space H and t = Tr - the canonical trace, So{M,t) coincides with the 
ideal K,{H) of all compact operators on H. In the general case the elements of 5*0 (M, r) 
are called r-compact operators affiliated with the von Neumann algebra M and the 
trace r. 

Since S'o(M, r) is an ideal in L(M, r), any element a G L{M^ r) implements a deriva- 
tion da on 5*0 (M, r) by 

da{x) = ax — xa, x G So{M, r), 

and such derivations are called spatial derivations. Moreover it is clear that any spatial 
derivation da is Z-linear, where Z is the center of M. The main result of the present 
paper states the converse, i. e. that any Z-linear derivation on Sq{M,t) is spatial 
and implemented by an element of L{M, r) for any type I von Neumann algebra M. In 
particular if the lattice of projections of M is atomic, then any derivation on So{M, r) 
is automatically spatial. 

In Section 2 we give some preliminaries from the theory of lattice-normed modules 
and Kaplansky-Hilbert modules over the algebra of measurable functions, and recall 
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the main theorem from [3] which describes derivations on standard subalgebras of the 
algebra of all /-linear /-bounded operators on a Banach-Kantorovich space. 

In Section 3 we give the main result which states that for any type I von Neumann 
algebra M with the center Z, any Z-linear derivation on the algebra 5*0 (M, r) is spatial 
and implemented by an element of L(M, r). 

2. Preliminaries 

Let be a measurable space with a cr-finite measure /x, i. e. there is family 

{VLi}i(zj C S, < niyti) < oo, 2 G J, such that for any A G S, < C)0, there exists a 

countable subset Jq C J and a set B with zero measure such that A = [J {AnQi)U B. 

We denote by / = the algebra of all (classes of) complex measurable 

functions on (fi, equipped with the topology of convergence in measure. Then / 
is a complete metrizable commutative regular algebra with the unit 1 given by 1{uj) = 
1, u eQ. 

Denote by V the complete Boolean algebra of all idempotents from /, i. e. V = 
{xa '■ A G S}, where xa is the characteristic function of the set A. 

A complex linear space E is said to be normed by / if there is a map || ■ || : — > I 
such that for any x,y & E, X & C, the following conditions are fulfilled: 
> 0; ||a;|| = <^==^ a; = 0; ||Aa;|| = |A|||a;||; + < + 

The pair {E, || ■ ||) is called a lattice-normed space over /. A lattice-normed space E is 
called (i-decomposable, if for any x E E with ||x|| = Ai + A2, where Ai, A2 G /, A1A2 = 0, 
there exists xi, X2 E E such that x = X1+X2 and = Xi, i = 1, 2. A net (xa) in E is 
(6o)-converging to x G -E, if \\xa — x\\ ^0 /x-almost everywhere in /. A lattice-normed 
space E which is (i-decomposable and complete with respect to the (6o)-convergence is 
called a Banach-Kantorovich space. 

It is known that every Banach-Kantorovich space E over / is a module over / and 
||Aa;|| = |A| 11x11 for all A G /, x G -E (see [8]). 

Any Banach-Kantorovich space E over / is orthocomplete, i. e. given any net 
(xq) C E and a partition of the unit (vr^) in V the series ^vr^Xa (6o)-converges in E. 

a 

A module F over / is said to be finite-generated, if there are Xi,X2, ...,x„ in F for 
any x G F there exists Aj G / (i = l,n) such that x = AiXi + ... + A„x„. The elements 
Xi, X2j Xn sre called generators of F. We denote by d{F) the minimal number of 
generators of F. A module F over / is called a-finite-generated, if there exists a partition 
(7ra)agA of the unit in V such that tTq-F is finite-generated for any a. A finite-generated 
module F over / is called homogeneous of type n, if for every nonzero e G V we have 
n = d{eF). 
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Let E he a. Banach-Kantorovich space over /. If {Ua)a£A C E and {'n'a)aeA is a 
partition of the unit in V, then the series ^ iTaUa (&o)-converges in E and its sum is 

a 

called the mixing of {ua)aeA with respect to {iTaJaeA- We denote this sum by mix^iTaUa). 
A subset C -E is called cyclic, if mix^TCaUa) G K for each {ua)aeA C. K and any 
partition of the unit {j^a)a(^A in V. For every directed set A denote by V(A) the set 
of all partitions of the unit in V, which are indexed by elements of the set A. More 
precisely, 

V(A) = {v:A^V: (V«, ^ e A){a ^ 13 v{a) A v{l3) = 0) A \/ u{a) = 1}. 

aeA 

For ui,U2 e V(v4) we put i^i < U2 ^ Va,/5 G A, (z/i(a) A i^2iP) ^ ^ a < P). 
Then V{A) is a directed set. Let {ua)a£A be a net in E. For every u G V{A) we put 
Uu = mix{h'{a)ua) and obtain a new net ('Ui/)zy6V(A)- Every subnet of the net {u^)uev(A) 
is called a cyclic subnet of the original net {ua)aeA- 

Definition [S]. A subset C -E is called cyclically compact, if K is cyclic and 
every net in K has a cyclic subnet that (6o)-converges to some point of K. A subset in 
E is called relatively cyclically compact if it is contained in a cyclically compact set. 

Let /C be a module over /. A map (■,■): /C x /C ^ / is called an /-valued inner 
product, if for all x,y, z E JC, X E I, the following conditions are fulfilled: {x,x) > 0; 
(x, x) = X = 0; (x, y) = {y, x); (Ax, y) = \{x, y); {x + y, z) = (x, z) + {y, z). 

If (■, ■) : /C X /C — > / is an /-valued inner product, then ||x|| = a/ (x, x) defines an 
/-valued norm on /C. The pair (/C, (-, ■)) is called a Kaplansky-Hilbert module over /, if 
(/C, II ■ II) is a Banach-Kantorovich space over / (see |H]). 

Let X be a Banach space. A map s : Q ^ X is called a simple, if s{uj) = 

n 

J2 XAk{^^)ck, where Ak G S, fl Aj = 0, i 7^ j, G X, = 1, n, n G N. A map 

k=l 

u : Q ^ X is said to be measurable, if there is a sequence (s„) of simple maps such 
that ||s„(c<j) — 'u(co')|| — > almost everywhere on any A with fi{A) < 00. 

Let C{Q,X) be the set of all measurable maps from n into X, and let L°(fi,X) 
denote the factorization of this set with respect to equality almost everywhere. Denote 
by u the equivalence class from L^{Q,X) which contains the measurable map u G 
C{Q,X). Further we shall identity the element u G C{Q,X) with the class H. Note 
that the function u \\u{uj)\\ is measurable for any u G C{Q,X). The equivalence 
class containing the function ||M(a;)|| is denoted by \\u\\. For -u, -0 G L°(i7,X), A G / put 
u + V = u{u!) + f (cu). Am = \{u!)u{lj). 

It is known [H] that {L°{n,X), \\ ■ \\) is a Banach-Kantorovich space over /. 

Put L°°{n,X) = {x e L%n,X) : ||x|| G L°°(fi)}. Then L°°{n,X) is a Banach space 
with respect the norm ||x||oo = || ||a;|| ||Loo{n)- 
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If if is a Hilbert space, then L°(fi,if) can be equipped with an /-valued inner 
product {x,y) = {x{u!),y{u!)), where (■, ■) is the inner product on H. 
Then {L^{Q, H), (-, ■)) is a Kaplansky-Hilbert module over I. 

Let be a Banach-Kantorovich space over /. An operator T : E ^ E is called 
/-linear if T(AiSi + \2X2) = AiT(xi) + A2T(x2) for all Ai, A2 G l,Xi,X2 G E. An /-linear 
operator T : E ^ E is called /-bounded if there exists an element c G / such that 
||T(x)|| < c||x|| for any x E E. For an /-bounded linear operator T we put ||T|| = 
sup{||T(x)|| : ||x|| < 1}. 

An /-linear operator T : E —>■ E is called finite-generated (a-finite-generated, ho- 
mogeneous of type n) if T{E) = {T(x) : x G E} is a finite-generated (respectively 
a-finite-generated, homogeneous of type n) submodule in E. 

An /-linear operator T : E ^ E is called cyclically compact, if for every bounded 
set B in E the set T{B) is relatively cyclically compact in E. 

We denote by B{E) the algebra of all /-linear /-bounded operators on E and T{E) 
be the set of all finite-generated /-linear /-bounded operators on E. 

An algebra U C B{E) is called standard over /, if W is a submodule in B{E) and 
T{E) C U. 

The examples of standard subalgebras are given by B{E), J^{E) and the space of 
all cyclically compact operators on E. 

Theorem 2.1 [3J. LetU he a standard algebra in B{E) and let 6 : U ^ B{E) he an 
l-linear derivation. Then there is T E B{E) such that 5{A) = TA — AT for all A eU. 

3. The main result 

Let B{H) be the algebra of all bounded linear operators on a Hilbert space H and 
let M be a von Neumann algebra in B{H) with a faithful normal semi-finite trace r. 
Denote by V{M) the lattice of projections in M. 

A linear subspace D in if is said to be affiliated with M (denotes as Dr]M), if 
u{D) C D for any unitary operator u from the commutant 

M' = {y' eB{H): xy' = y'x, Vx G M} 

of the algebra M. 

A linear operator x on H with domain D{x) is said to be affiliated with M (denoted 
as XT]M) if u{D{x)) C D{x) and ux{^) = xu{^) for all u G M', ^ G D{x). 
A linear subspace D in H is called r-dense, if 
1) Dr]M- 
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2) given any e > there exists a projection p G V{M) such that p{H) C D and 
r(p^) < £. 

A closed hnear operator x is said to be r-measurable (or totally measurable) with 
respect to the von Neumann algebra M, if xr]M and D{x) is r-dense in H. 

We will denote by L{M, r) the set of all r-measurable operators affiliated with M. 
Let II ■ ||j\/ stand for the uniform norm in M. The measure topology, t^, in L{M,t) is 
the one given by the following system of neighborhoods of zero: 

V{e,6) = {x e L{M,t) : 3e G P(M),r(e^) < 5, xe G M, ||a;e||M < e}, 

where e > 0, 6 > 0. 

It is known [TUj that L{M, r) equipped with the measure topology is a complete 
metrizable topological *-algebra. 

In the algebra L{M, r) consider the subset Sq{M, t) of all operators x such that given 
any e > there is a projection p G V{M) with t(j9^) < oo, xp E M and ||xp|| < e. 
Following [12] let us call the elements of S'o(M, r) r-compact operators affiliated with 
M. It is known [H], [9] that So{M, r) is a *-subalgebra in L{M, r) and an M-bimodule, 
i. e. ax, xa G So{M, r) for all x G 5*0 (M, r) and a G M. It is clear that if the trace r is 
finite then SoiM, r) = L{M, r). 

The following properties of the algebra So{M, r) of r-compact operators are known 
[12], [5], but the proof is included for sake of completeness. 

Proposition 3.1. Let M be a von Neumann algebra with a faithful normal semi- 
finite trace r. Then 

1) L{M,T) = M + So{M,Ty, 

2) So{M,t) is an ideal in L{M,t). 

Proof. Let x G L{M, r). Take a projection p E M such that t{p^) < oo and xp G M. 
Put Xi = xp and X2 = xp^. Since r(p^) < 00 and X2P = 0, then X2 G S'o(M, r). 
Therefore, any element from L{M, r) can be a represented as x = Xi + X2, where 
xi E M, X2 E So{M,t). Since So{M,t) is a module over M, then from the equality 
L{M,t) = M + SoiM,T) it follows that So{M,t) is an ideal in L{M,t). The proof is 
complete. ■ 

Since Sq{M, t) is an ideal in L{M, r), any element a G L{M, r) implements a deriva- 
tion on the algebra So{M, r) by the formula 

d{x) = ax — xa, x G So{M, r), 

which is Z-linear, Z being the center of M. 

The main aim of the present work is to prove the converse, i. e. any Z-linear 
derivation on So{M, r) is spatial and implemented by an element of L{M, r). 
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Let L°°{Q, ^)(^B{H) be the tensor product of von Neumann algebra L°°{Q,fi) and 
B{H), with the trace r = fi^Tr, where Tr is the canonical trace for operators in B{H) 
(with its natural domain). 

Denote by L^{Q, B{H)) the space of equivalence classes of measurable maps from 
Q into B{H). Given u,v e L'^{Q,B{H)) put uv = u{uj)v{uj),u* = u{uj)*. 

Define 

L'^{Q,B{H)) = {xe L\Q,B{H)) : G L°^{Q)}. 

The space {L°°{Q, B{H)), \\ ■ ||oo) is a Banach *-algebra. 

It is known [13j that the algebra L°°{Q, fi)(^B{H) is *-isomorphic to the algebra 

Note also that 

t{x) = J Tr{x{uj)) dfi{ij). 
n 

Further we shall identity the algebra L°°{Q, fi)(S)B{H) with the algebra 
L'^{n,B{H)). 

Denote by B{L'^{n,H)) (resp. B{L°^{n,H))) the algebra of all /-linear and l- 
bounded (resp. L°°(fi)-linear and L°°(f2)-bounded) operators on L^{Q,H) (resp. 

L'^{n,H)). 

Given any / G L°°{Vt,B{H)) consider the element \E'(/) from B{L°°{Vt,H)) defined 

by 

^{f){x) = f{u){^u)), xeL^{n,H). 

Then the correspondence / — ^(/) gives an isometric *-isomorphism between the 
algebras L°^{n,B{H)) and B{L°^{n,H)) (see [H]). 

Since L°°(fi,5(i7)) is (H-dense in L^{n,B{H)) and B{L°°{n,H)) is (6o)-dense 
in B{L^{Q, H)), the *-isomorphism \E' can be uniquely extended to a *-isomorphism 
between L°{n,B{H)) and B{L°{n,H)). 

It is known [2j, that the algebra L{L°°{Q, fi)^B{H), r) of all r-measurable operators 
affiliated with the von Neumann algebra L°°{Q, fi)(^B{H) is /-linear *-isomorphic with 
the algebra B{L^{n,H)). 

Therefore one has the following relations for the algebras mentioned above: 

L°°{n)®B{H) = L°°{n,B{H)) = B{L'^{n,H)) 

n n n 

L{L°°{n)^B{H)),T) = L^{n,B{H)) = B{L^{VL,H)). 

Proposition 3.2. Let p G V{L°°{n, B{H))) and t{p) < oo. Then p is a-finite- 
generated and in particular is cyclically compact. 
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Proof. Since r(p) = J Tr{p{uj)) dfi{uj) we have that Tr{p{uj)) < oo for almost all 

n 

uj & Q. In the algebra B{H) any projection with finite trace is finite dimensional, thus 
p{uj) is a finite dimensional projection for almost all u E Q. By ([6j, Theorem 2) p is 
cT-finite-generated and thus p is cyclically compact. The proof is complete. ■ 

Proposition 3.3. If x G So{L°°{fl)^B{H),T) then x is cyclically compact. 

Proof. If X G So{L°°{Q)^B{H),t) then given any e > there is a projection 
Pe G V{L^in)^B{H)) such that 

T{pj) < oo, XPe G L°°{Q)^B{H), \\xpe\\oo < S. 

By Proposition 3.2 is cyclically compact and therefore xp-^ is also cyclically 
compact. From ||a;pe||oo < £^ it follows that Wxp^W < el. Therefore ||a; — < el, i. e. 
X is the (6o)-limit of cyclically compact operators and thus x is also cyclically compact. 
The proof is complete. ■ 

The converse assertion for Proposition 3.3 is not true in general. Indeed, let fi{fl) = 
+00 and dim/7 < oo. Then L{L°°{Q)(^B{H),t) is *-isomorphic to the algebra of 
n X n matrices over /. Therefore any operator from L{L°°{Q)(S)B{H),t) is cyclically 
compact because it acts on the finite-generated module over /. In particular the identity 
e in L{L°^{n)^B{H),T) is cyclically compact. But e ^ So{L°^{n)^B{H),T) because 
= oo. 

Let mix(5o(L°°(fi)(8)5(/J),r)) be the cyclic hull of the set 5o(L~(fi)®5(iJ), r), i. 
e. it consists of all elements of the form x = {bo) — ^ Tfa^a, where (Tr^) is a partition 
of the unit in V, C So{L^{n)®B{H), r). 

Since So{L°°{^)0B{H),t) is a module over L°°{n) and / = mix(L~(fi)), we have 
that mix{So{L°°{il)(g)B{H),T)) is a module over /. 

Proposition 3.4. rmx{SoiL'=°{n)®B{H), t)) is a standard algebra in L{L°°{n)®B{H), r). 

Proof. First suppose that the measure fi is finite. Consider a finite-generated 

operator x from the algebra L{L°°{Q)(S)B{H),t). Let p be the orthogonal projection 

onto the image of x and let n - he the number of its generators. By ([6], Theorem 2) 

Tr{p{uj)) = dimp(ci;) < n for almost all uj E Q. Therefore r(p) = J Tr{p{uj))dfi{uj) < 

n 

nfi{fl), i. e. t{p) < oo. 

It is clear that xp^ = 0. Thus r{p) < oo and xp^ = 0, i. e. x G So{L°° {Q)(§B (H) , r). 

Now suppose that fi is a-finite and x is a finite-generated operator from 
L{L°°{Q)^B{H),t). Since the measure fi is cr-finite, there exists a partition of the 
unit (Cq) in V such that = XA^j^a ^ < oo. From the above it 

follows CaX G eaSo{L°°{Q)(^B{H),T) and therefore x = (bo) — ^ e^x belongs to 
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mix(S'o(L°°(fi)®5(if),r)). Thus mix{So{L°^{n)(^B{H),T)) is a standard algebra. The 
proof is complete. ■ 

Proposition 3.5. Any L°°{VL) -linear derivation d of the algebra So{L°°{^l)®B{H), r) 
is spatial and 

d{x)=ax-xa, x e So{L°°{n)®B{H),T), (1) 

for an appropriate a G L{L°°{Q, B{H)),t). 

Proof. Let be a L°°(fi)-linear derivation of the algebra So{L°° {^1)®B (H) , r). Let us 
show that d can be extended onto the algebra mix{So{L°°{Q)^B{H), r)). By definition 
any element of mix{So{L°°{^)^B{H),T)) has the form 

X = (bo) - ^vr„x„, 

a 

where (tTo) is a partition of the unit in V, (x^) C So{L°° {Q)^B (H) , r). 
Put 

d{x) = (bo) — nad{xa). 

a 

Straightforward arguments show that d is a well-defined derivation on the algebra 
mix(5o(L°°(fi)®5(iJ),r)). 

Let us prove that d is /-linear. Let A G / and x G m.ix{SQ{L°°{fl)^B{H),T)). Take 
a partition of the unit (ca) in V such that e^A G L°°{Q), e^x G 5'o(-L°°(fi)(8>-B(i^), r) 
for all a. Since d is L°°(f2)-linear we have d{ea\x) = d{ea\eax) = ea)^d{eax) . Therefore 
d{Xx) = (bo) — J2^oid{ea\x) = (bo) — '^CaXd^Cax) = Xd{x), i. e. d{\x) = Xd{x). 

a a 

Since mix{So{L°°{Q)(S)B{H), r)) is a standard algebra Theorem 2.1 implies that the 
derivation d and, in particular, the derivation d is of the form (1). The proof is complete. 
■ 

Recall that a von Neumann algebra M is an algebra of type I if it is isomorphic to 
a von Neumann algebra with an abelian commutant. 

It is well-known [13] that if M is a type I von Neumann algebra then there is a unique 
(cardinal-indexed) orthogonal family of projections {qa)a€i C V{M) with ^ = 1 
such that QaM is isomorphic to the tensor product of an abelian von Neumann algebra 
L°°{Qa, fJ'o) and B{Ha) with dimif^ = «, i- e. 

e 

M ^^L°^{n^,^^)®B{H^). 

a 

Consider the faithful normal semi-finite trace r on M, defined as 

^(^) = '^'^a{Xa), X = (Xa) G M, X > 0, 
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where = Ha® Tva- 

Now we can prove the main resuh of the present paper. 

Theorem 3.6. If M is a von Neumann algebra of type I with the center Z, then any 
Z-linear derivation on the algebra So{M,t) is spatial and implemented by an element 
ofL{M,T). 

In order to prove the theorem we need several auxihary results. 
Let 

a 

be the topological (Tychonoff) product of the spaces L{L°°{Qa, fJ'a)^B{Ha),Ta). 
Then (see [9j) we have the topological embedding 

L(M,r) C l[L{L^{Qa,f^a)^B{Ha),Ta). 

a 

Denote by Zq the center of the algebra L{M,t). Then Zq is *-isomorphic with the 

algebra of all r'-measurable operators affiliated with the abelian von Neumann algebra 

e 

J2 L°°{^a, fi'a), where the trace r' is defined by 

a 

r'if) = J2f / ^ 0- 

Let $Q be a *-isomorphism between the algebras L{L°°{Qa, fJ'a)^B{Ha),Ta) and 
B{L%n^,Ha)). Given x = e UHL^^i^a, l^a)^B{Ha),Ta) put 

a 

\\x\\ = (||$a(a;„)|U), 

where || ■ \\a is the norm on B{L^{Qa, Ha))- 

Then an element x = (xa) € Y[L{L°°{^a, f^a)^B{Ha),Ta) belongs to L{M,t) if 

a 

and only if ||x|| G Zq (see [2]). 

We consider on Y[L^{^a, Ha) the L°(r2Q,)-valued norm defined by 

a a 

WV^W = {\\^a\\L{Qc„H^))- 

Then YlL'^i^a, Ha) is a Banach-Kantorovich space over ]^L°(fiQ,). 

a a 

Set 

®aL{Sla,Ha) = {(^a) G JJ L° (f]„, : ( || </?a ||L(n, ) G Zq}. 

a 

Since Zq is a sohd subalgebra in nL°(fia) it follows that {(BaL'^i^a, Ha), \\ ■ \\) is a 

a 

Banach-Kantorovich space over Zq. 
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Let B{Q)aL^{^a, Ha)) be the algebra of all Zo-linear Zo-bounded operators on 

®q,L°(Oq,, Ha)- 

Set 

a 

It is clear that S(®q,L°(Oo,, -f^a)) is *-isomorphic to ®aB{L^{^a, Ha)). 

Lemma 3.7. The algebra L{M,r) is * -isomorphic to B{®aL^{^a: Ha)). 

Proof. Let be a *-isomorphism between L{L°°{Qa: l^a)^B{Ha),ra) and 

B{L''{na,Ha)). 

Put 

^x)^{^aixa)), xeL{M,r). 

Since x G L{M,t) exactly means that ||a;|| G Zq, and x' G ©Q,-B(L°(r2Q,, iJ^)) 
means G these imply that $ is a *-isomophism between L{M,t) and 

®aB{L^{^a,Ha)). Now slncc ®aB{L°{^a,Ha)) is *-isomorphic to B{®aL°{^a, Ha)), 
one has that the algebra L[M,r) is *-isomorphic with the algebra B[(BaL^{^a, Ha)). 
The proof is complete. ■ 

Lemma 3.8. If M is a von Neumann algebra of type I, then mioc{So{M,T)) is a 
standard subalgebra in L{M,t). 

Proof. Let x G L{M),t) be a finite-generated operator. Then QaX is a finite- 
generated operator in L(L°°(Qq,, B{Ha),T) for all a. By Proposition 3.4 one has QaX G 
So{L°°{na,B{Ha),r) for all a. Therefore x ^ J2<laX e mix(5o(M, r)). The proof is 

a 

complete. ■ 

Proof of Theorem 3.6. 

Let d : So{M,t) So{M,t) be a Z-linear derivation. Similar to the proof of 
Proposition 3.5 d can be extended to a Zo-linear derivation d on mix(5'o(M, r)). Since 
mix(S'o(M, r)) is a standard algebra Theorem 2.1 implies that d, and hence d, is imple- 
mented by an element of L{M, r). 

Remark 3.9. The main result and the note after Proposition 3.1 show that a 
derivation on So{M,t) is spatial if and only if it is Z-linear. Moreover [1, Example 
4.6] gives an example of non Z-linear (and hence non spatial) derivation on So{M, r) = 
L(M, r) for an appropriate von Neumann algebra M with a faithful normal finite trace 

T. 

On the other hand if the lattice of projections in a von Neumann algebra M is 
atomic then any derivation on So{M,t) is automatically Z-linear (cf. [1, Corollary 
4.7]). 
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Therefore we have 

CoroUciry 3.10. If M is a von Neumann algebra with the atomic lattice of pro- 
jections, then any derivation on the algebra So{M,t) is spatial, and in particular it is 
continuous in the measure topology. 
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